INTRODUCTION
Vossf was the first to study surfaces which are characterized by the property of containing two families of geodesies which form a conjugate system. These surfaces belong to the class admitting a continuous deformation in which a conjugate system remains conjugate; for a surface of Voss it is the geodesic conjugate system which possesses this property. These surfaces play an important rôle also in the determination of congruences whose developables meet the focal surfaces in their lines of curvature. It is the purpose of this paper to establish transformations of surfaces of Voss into surfaces of the same kind, and to study some of the geometrical properties of these transformations.
The geodesic conjugate system of a surfacej V has the same spherical representation as the asymptotic lines of a pseudospherical surface P. Moreover, the determination of all surfaces V with the spherical representation of a given surface P requires the integration of an equation of Laplace with equal invariants.
We shall say that each of these surfaces is conjugate to P. In § 1 we recall the formulas defining a pseudospherical surface P, the formulas for a conjugate surface V and the equations of a Bäcklund transformation of P into another pseudospherical surface Pi. Such a transformation involves a constant a (the angle between the tangent planes to P and Pi) and a function $ whose determination requires the solution of a Riccati equation. When a surface V is given, each pair of quantities 0 and a determine a new surface Vi such that the developables of the congruence of lines joining corresponding points on V and Vi meet these surfaces in geodesic conjugate systems. Moreover, Vi is a conjugate of the surface Pi which is determined by the Bäcklund transformation of P by means of 0 and <r. In order to put in evidence the functions we say that Vi is obtained from V by a transformation ß ( $, a ). X Throughout the paper we shall denote by F a surface of Voss.
[July Each surface V conjugate to P is transformable by the same pair of functions 6 and a. However, for a given pair ( 6, a ) there exists a surface V such that the lines joining its points to the corresponding points on the surface Vi resulting from the transformation fi(d, a) are concurrent.
By means of certain additional functions connected with this special case we are able to show that the transformations fl ( 0, a ) are of the Moutard type for equations with equal invariants.
In a subsequent paper we shall show that there exist transformations of general conjugate systems with equal tangential invariants -transformations which are, in certain respects, generalizations of the transformations ß (6, a).
The transformations Q (0, a) admit a "theorem of permutability " (cf. § 6). The remainder of the paper deals with the congruence of lines joining corresponding points on V and Vi, and also the other congruence formed by the lines of intersection of the tangent planes at corresponding points on V and V\\ the latter is a normal congruence.
Equations of a Surface V and Preliminary Formulas
We consider a surface V referred to the geodesic conjugate system. Since this system has the same spherical representation as the asymptotic lines on a pseudospherical surface P, the linear element of this spherical representation can be given the form (1) da2 = du2 + 2 cos 2co dudv + dv2, where co is a function of u and v satisfying the equation
d2co
(2) ¿-^+sin «cosco = 0.* If A'i, Fi, Zi and X2, Y2, Z2, denote respectively the direction-cosines of the bisectors of the angles between the parametric curves of the spherical representation, and X, Y, Z the direction-cosines of the normal to a surface V with this representation, we have d^i du .
.dXi dco 7) = -( 3-3--2 cot 2w j-3-+ -7-3-3--=-+ W7 J, \ du* du du sin 2u du dv )
(d2W , 2 ÓWW7 " " d«3W _\ 7»" = -( -33-+-j-5-^I T~ -2 cot 2»3-3-+ W ) \ oír sin 2w oTj du dv dv )
The Codazzi equations for the surface V may be given the form (8) f_ * *,._,, «:_ » £•"_"., o» sin 2« ou o« sin 2w o»
When the pseudospherical surface P with the representation (1) of its asymptotic lines is subjected to a Bäcklund transformation, the linear element of the spherical representation of the asymptotic lines on the new surface Pi is given by (9) da\ = du2 + 2 cos 26dudv + dv2, where 0 is a solution of equation (2) given by are of the form (11) X' = cos o~ X + sin <r ( sin 9 Xi -cos 9 X2 ) ,t and the direction-cosines X, Y, and Z of the line joining corresponding points of P and Pi, and tangent to these surfaces at these points, are of the form (12) X = cos 0 Xi + sin 0 X2 4
From (11) we obtain with the aid of equations (3) dX' dX' (13) -T--sin 6 X'i + cos 0 X'2, -»-= -sin 0 X\ + cos 0 X't,
where we have put X\ -sin co ( cos cr ( sin 0 Xi -cos 0 X2 ) -sin a X )
-cos co (cos 0 Xi + sin 0 X2),
X't = -cos co ( cos cr ( sin 9 Xi -cos 0 X2 ) -sin <r X ) -sin co ( cos 0 Xi + sin 0 X2 ). From these follow by differentiation
equations which are analogous to (3). Equations (14) where X' ,X\, and X'2 have the significance given by equations (11) and (14). It is our purpose to show that when a surface V whose coordinates are given by (5) is known, it is possible to find a surface Vi defined by (18), such that the developables of the congruence formed by the joins of corresponding points of V and Vi cut these surfaces in their respective geodesic conjugate systems.
If we write the coordinates of any point on a line of this congruence in the form (19) x + t(xix), y + t(yiy), z + t(zi-z). The necessary and sufficient condition that these equations be consistent is that the following equations be satisfied: (11) and (14) we obtain from (5) and (18) . /n ,dWA sin co fdW , dW\
When these values are substituted in (21) and use is made of (16) in the reduction, we obtain A cos ( 0 -co ) ( cos cr -1 ) + B sin co sin a -C cos co sin a = 0, A cos ( 0 + co ) ( cos a + 1 ) -B sin co sin a -C cos co sin cr = 0.
In consequence of (24) these equations, and consequently equations (21), are equivalent to dWi cos cr + 1 , "
. _.
Since 0 satisfies equations (10), the condition of integrability of equations (25) is satisfied, as is readily shown, and furthermore the function Wi so defined is a solution of equation (17). We shall find shortly ( § 5) that the integration of equations (25) requires one quadrature only. Hence we have Theorem I. Each solution of equations (10) determines a transformation fl (0, <r) of a given surface V into a surface Vi such that the developables of the congruence formed by the joins of corresponding voints on V and Vi cut these surfaces in the geodesic conjugate systems. Moreover, when 6 is known, the further determination of Vi requires only a quadrature.
The second fundamental coefficients of Vi, namely 7>i, D", are given by expressions similar to (7). In consequence of (25) these can be given the form (26)
sin a sin 2co \ dv sin a J 3. The Congruence Associated with a Transformation ñ(6, a)
With the aid of (25) Since the expressions for these direction-cosines involve only the functions of the Bäcklund transformation, we have Theorem II. If V and V are any two surfaces conjugate to P, and Vx and V{ are obtained by transformations involving the same functions 0 and a, the developables of the congruences of lines joining corresponding points of V and Vi and of V and V[ have the same spherical representation.
In § 4 we shall find that in certain cases these congruences coincide.
In the tangent plane to F at a point M we draw the line I parallel to the line joining corresponding points of the pseudospherical surfaces P and Pi determining a transformation of V. The direction-cosines X, Y, and Z of In view of this expression we are able to give the following construction for the direction of the line through M upon which lies the point 3ii of the transformed surface Vi. In the tangent plane to V at M we lay off a unit vector which makes the angle -20 with the line /, and in the plane through I and inclined at the angle cr to the tangent plane we lay off a unit vector which makes the angle 2co with I; the vector which is the sum of these two vectors has the desired direction.
It is our purpose now to determine the abscissas of the focal points of the congruence of joins of corresponding points on V and V\. To this end we observe that in consequence of (20) we have
In consequence of the values (27) we have also
Substituting these expressions in the above equations, we obtain
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from which we derive the following:
From these values it follows that the cross-ratio of the points M and Mi on V and P"i and the foci Pi and F2 of their joins is nn"
(33) R(MMi,FiF2)= -p^.
Substituting the values (32) in (19), we find that the coordinates of the focal points are of the form
Hence we have Theorem III. The focal points of the lines joining corresponding points M and Mi on the surfaces V and Vi divide the segment MMi in the ratios D/Di and -D"/D\'.
Special Surfaces of Voss
In the preceding discussion we have ignored the possibility that the joins of corresponding points on V and Vi may pass through a point, in which case any ruled surface of the congruence is developable and Theorem I loses part of its significance. It is our purpose now to consider this possibility. We shall find that every surface V does not admit of such a transformation. We use w to denote the function W for a surface V which possesses this property.
If we take the origin for the point of concurrence of all the rays, we must have
When the expressions from (5) and (23) 
dw dw 3-+ 3-+ 2 cos co tC = 0.
[July Hence each solution 0 of equations (10) leads by a quadrature to a surface V, which we call a special surface of Voss and denote by V ( 9, <r ), such that there is another surface of the same kind so related that the lines joining corresponding points of the two surfaces are concurrent. We observe that the relation between these surfaces is reciprocal, and consequently we say that each is the adjoint of the other.
It is evident that if there is applied to a special surface V(0, a) a transformation involving a different 0, the relation between the two surfaces will be that of Theorem I.
When the values (36) are substituted in equations (7), we find that the expressions for the second fundamental coefficients A, A" of V ( 9, a ) are reducible to Hence F is a special surface of Voss, and we have Theorem IV. A necessary and sufficient condition that a surface of Voss be " special " is that it admit a transformation 0 such that the asymptotic lines of the given surface V correspond to a conjugate system on the surface Vy.
Equations of a Transformation Í2 ( 0, a ) in Another Form
In consequence of equations (36) Moreover, the surface Si, determined by equations in v¡ analogous to (44), can be so placed in space that 2 and Si are the focal surfaces of a JF-congruence.
Since the total curvature of 2 is given by t (45), we find that 0i equals w, given by (36), to within a constant factor. Now, equations (43) and (43') are respectively (4) and (17). Hence we have Theorem V. A transformation Q ( 9, a ) is a transformation of Moutard in which the transforming function is the tangential coordinate w of the corresponding special surface V (9, a).
It is a fundamental property of IP-congruences that each focal surface admits an infinitesimal deformation parallel to the normal to the other surface. The surface corresponding with orthogonality of linear elements to S, defined by (44), in this case has for coordinates X 9iv\, 9iVi, 9ivi.
Moreover, in the general case 0i V -K is the tangential coordinate W of the corresponding associate surface. Hence we have Theorem VI. A special surface V(9, a) associated wiih a pseudospherical surface P is that associate surface in the infinitesimal deformation of P whose directrices are parallel to the corresponding normals to the Bäcklund transform of P by means of 9 and a. ♦ E., pp. 418, 419. t E., p. 194 . % E., p. 420.
Since Wi w is determined by (42) only to within an additive constant, and since also 1/w is a solution of equation (17), if Vi is a transform of F by a transformation ß ( 0, <r ), so also is the suite of surfaces whose tangential coordinates are X', Y', Z', Wi+l, where a is an arbitrary constant.
In like manner it may be observed that Vi is obtained by a transformation ß ( 9, <r ) from any one of the surfaces whose tangential coordinates are X, Y, Z, W + aw, provided it is true when a = 0.
We have seen that when a surface V ( 9, <r ) is transformed by ß ( 0, o~ ), the tangential coordinates w and 7¿>i are such that their product is constant. We shall show that this property is characteristic of special surfaces. In fact, if we differentiate the equation WWi = const.
with respect to u and v respectively and make use of equations (42), we get
Hence F is a special surface V ( 9, a ) and the transformation is ß ( 0, a ). We shall say that in this case the two special surfaces are in perspective correspondence.
Theorem of Permtjtability of the Transformations ß
It is our purpose to show that the transformations which have been established in §2 admit a " theorem of permutability " as follows:
Theorem VIL If two surfaces Vi and V2 are obtained from a surface V by means of transformations ß(0i, cri) aTid ß(92, cr2) respectively; there exists a surface V which may be obtained from Vi by a transformation ü(<b, o~2) and from V2 by a transformation ß ( <p, <ri ) ; moreover, the determination of V does not involve integration.
If Wi and W2 are tangential coordinates of Vi and V2 respectively, we must have in accordance with (42) and sin du ~ du) + (cos ff' + l)sin(0, + co) = 0, (48) (¿ = 1,2).
/ AN A \ sin a,\ -37 + 3-j + ( cos <r¿ -1 ) sin ( 0,--co ) = 0
On the assumption that a surface F' exists satisfying the requirements of the above theorem, there must exist functions W', w\, and w'2 satisfying equations analogous to (46), namely
By means of (46) these are reducible to
The consistency of the first equations for i = 1 and i = 2, and likewise for the second equations, requires that sm 01 sm a2 cos ( 02 -0i ) + cos oi cos o~2 -1
Since w\ and w'2 are given by (56) only to within a constant factor, it follows from (53) that the constants p and X may be taken equal to unity, and consequently equations (53) may be written
If we reduce these equations for i = 1, k = 2 by means of (56) and (47) If we proceed in a similar manner with equations (59) From (55) it follows that the tangential coordinate W' of the surface V is
sin oi sin 0-2 cos ( 02 -0i ) + cos <n cos 02 -1
Hence the " theorem of permutability," as stated at the beginning of this section, has been completely established. Suppose that W = Wi and Wi = 1/wi; it is evident that the character of W2 and W' depend upon the choice of the function w2. If we require that Vi and V shall be special surfaces of Voss such that the joins of corresponding points are concurrent, in all generality we can put W' W2 = 1. It follows at once from (65) and (63) that W2 = w'2. Now Fi and V are not in perspective correspondence. Otherwise we should have w\ Wi = const., which is inconsistent with (59).
If four surfaces are related in accordance with Theorem VII, we say that they form a quatern. In view of the above results we have Theorem VIII. If V, Vi, V2, V form a quatern of surf aces of Voss determined by a set offunctiotis Wi, w2, w[, w2, th .e special surfaces of Voss determined by the functions wi, 1/wi, w'2, l/w'2 form a quatern, and so likewise do the special surfaces determined by the functions w2, l/h2, w\, l/w[. Conversely, Theorem IX. If two surfaces V and Vi of a quaiern (V, Vi, V2, V) are special surfaces in perspective correspondence, the necessary and sufficient condition thai V2 and V be special surfaces in perspective correspondence is that these surfaces be determined by w'% and l/w'2, where w't is given by (63), o2 being any constant and 92 a solution of the corresponding equations (10).
Normal Congruences Determined ry Transformations fl
We turn now to the consideration of the congruence of the lines of intersection of the tangent planes at the corresponding points M and Mi on two of [July surfaces V and Vi, of which the latter arises from V by a transformation ß. From the general theory of congruences* we know that the tangents at M and 3ii to the geodesies v = const, through these respective points meet in a point Pi; likewise, the tangents at M and Jfi to the geodesies u = const, meet in a point F2; furthermore, these points Pi and Ft are the focal points of their join in the congruence formed by these lines of intersection of the tangent planes to V and Vi at M and Mi. If the coordinates of Pi and F2 be denoted by ai, 61, ci; a2, b2, c2 respectively, ai = x + Xi ( cos co Xi + sin co X2 ) = Xi + m ( cos 9 X[ + sin 0 X't ),
ai = x + \t(cos u Xi -sin a Xi) = xi + m(cos 0 Xi -sin 9 X'2) , where Xi, u\, Xa, ut are quantities to be determined. From (16) and (23) In like manner it can be shown that _A sin 20_A_
2 -sin a sin 2co sin ( 0 + co ) ' sin cr sin ( 0 + co ) '
We shall need the expressions for dA/du and dA/dv. They are most easily obtained indirectly by differentiating equation (23) We denote by Si and 22 the focal surfaces of the congruence, that is the loci of the points Pi and F2, and by Ai, Bi, Ci, A2, B2, and C2 the directioncosines of the normals to Si and S2. From (70) and (71) 
^X A2 = -sin 2, 52X' ^2 = sin 2.
Consequently we have Theorem X. For the congruence of the lines of intersection of the tangent planes at corresponding points on Vi and V the focal planes bisect the angles between the tangent planes, and consequently the congruence is normal. Suppose we have such a surface S. Through each normal we draw planes parallel to the corresponding tangent planes to the pseudospherical surfaces P and Pi. The tangential coordinates W and Wi of the envelopes of these planes are given by W = Y.xX, JFi = £xX'. * E., p. 161. '
With the aid of (79) and (80) we show that d2 W d2 Wi 3^ + cos2colT = 0, 3^ + cos20IFi = O.
Hence the envelopes of these planes are surfaces of Voss, and we have Theorem XI. 7/ P and Pi are any two pseudospherical surfaces in the relation of a Bäcklund transformation, there exists a family of surfaces S each of which has its normals parallel to lines joining corresponding points of P and Pi, and, in this correspondence between the surfaces S, P, and Pi, the lines of curvature on the first correspond to the asymptotic lines on the last two surfaces. Moreover, the two planes through each normal to S and parallel to the tangent planes to P and Pi at the corresponding points envelope two surfaces of Voss which are in the relation of a transformation ñ.
